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Operations Research, also called Decision Science or Operations Analysis, is
the study of applying mathematics to business questions. As a sub-field of
Applied Mathematics.




Network Analysis

(PERT) & (CPM) O 1




In Network Analysis, an application is represented
as a graph to be optimized. In Graph theory in
general, graphs exist of nodes and edges. Each
node Is a point and each edge indicates whether
there Is a connection between certain different
nodes.



Two methods of network analysis that can help here are the Critical
Path Method (CPM) and the Program Evaluation & Review Technique
(PERT) method.




Methods of Network Analysis - Definition

(PERT) (CPM)

IS a project management IS a statistical
technique, used to technique of project
manage uncertain management that
activities of a project. manages well defined
activities of a project.




Basic scheduling computations

The notations used are:

« Ei =Earliest occurrence time of event i

* Lj=Latest allowable occurrence time of event
« Dij = Estimated completion time of activity

+ Es = Earliest starting time of activity

« Ef = Earliest finishing time of activity

« Ls = Latest starting time of activity

« Lf=Latest finishing time of activity

(1, ) = Activity with taill event (i), and head event (j)




Determination of earliest time :
Forward pass computation

1. Step - The computation begins from the start node and move towards the end
node. For easiness, the forward pass computation starts by assuming the earliest
occurrence time of zero for the initial project event

2 .Step - Earliest starting time of activity (i, j) is the earliest event time of the tail end
event

(Es)ij = Ei I. Earliest finish time of activity (i, J) is the earliest starting time + the

j is the maximum of the earliest finish times of all activities ending in to that event
I.e. Ej = max [(Ef)ij for all immediate predecessor of (i, j)] or Ej = max [Ei + Dij]




Backward pass computation
( for latest allowable time )

1 .Step - For ending event assume E = L. Remember that all E’s have been computed by forward
pass computations.

2 .Step - Latest finish time for activity (i, j) is equal to the latest event time of event ji.e. (Lf)ij = L]

3 .Step - Latest starting time of activity (i, j) = the latest completion time of (i, j) — the activity time
or (Ls)ij =(LDij - Dij or (Ls)ij =Lj — Dij

4 .Step - Latest event time for event ‘i’ is the minimum of the latest start time of all activities
originating from that eventi.e. Li = min [(Ls)ij for all immediate successor of (i, j)] = min [(Lf)ij -
Dij] = min [Lj - Dij]




Determination of total float

- Total Float

The amount of time by which the completion of an activity could be delayed beyond the
earliest expected completion time without affecting the overall project duration time.
Mathematically:

(Tf)ij = (Latest start — Earliest start) for each activity or
(Latest finish — Latest finish)




Determination of critical path

(i) Critical activity - The activities with zero total float are known as critical activities. In other words
an activity is said to be critical if a delay in its start will cause a further delay in the completion date
of the entire project.

(i1) Critical path - The sequence of critical activities in a network is called critical path. The critical
path is the longest path in the network from the starting event to ending event and defines the
minimum time required to complete the project.




Dummy activity

A Dummy activity is a type of operation in a project
network which neither requires any time nor any
resource. It is an imaginary activity shown in a project
network to identify the dependence among operation.
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Critical Path Method

o CPM estimates the maximum and minimum time
required to complete a project.

With the CPM, you will need to estimate all task
completion times and identify all dependable
variables that could influence your project’s
progress.

With the CPM, you will include milestones that
need to be met at certain times to ensure your
project is on track.




Example that shows how to calculate critical path

Consider the eight activities associated with the fabrication of a steel component shown in Table .

Activity Duration Predecessors
A 3 -
B 5 -
C 2 A
D 3 A
E 3 B,D
F 5 CE
G 1 C
H 2 F.G




Figure below shows the network diagram associated with
these eight activities.

Esj=Esi+D , Esj=Max (Esi + D) {FORWARD}
Lci=Lcj-D , Lci=Min(Lcj-D) {BACKWARD}

h | e

LSi

ESJ

A-D-E-F-H. are the critical path activities.
Project completion time = 16

14
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PERT

PERT is a way to schedule the flow of tasks in a project and estimate the total time taken

to complete it. This technique helps represent how each task is dependent on the other.

To schedule a project using PERT, one has to define activities, arrange them in an

orderly manner and define milestones. You can calculate timelines for a project on the

basis of the level of confidence.




Which is the
shortest assuming
period for the
completion of the

activity.

Optimistic
timing

Probability
Times

Most-likely
timing

Which is the
longest assuming
period for the
completion of the

activity.

Pessimistic
timing




Equation

Expected Time = optimistic time + 4(most likely time) + pessimistic time / 6

T=a+4m + b /6 Standard Deviation

(c)=b-a/6




For the given activities determine:

1. Critical path using PERT.

2. Calculate the standard deviation for each activity.

3. Calculate the probability of completing the project in 26 days.

—

o

Activity
1-2
1-3
2-4
3-4
3-5
2-6
4-6
5-6

o O A~ O 5

1.5

= N 0o = A N OO O

12
1"
14

15



solution

First of all draw the network diagram for given data as shown below:




For each given activity we will calculate the expected time as follows:

.. tordtnrtt,

Activity t, t t, te=——; o

1-2 6 9 12 6+4*9+12 1276
=9 p
6

1-3 3 4 11 5 1.33
2-4 2 5 14 6 2
3-4 4 6 8 6 0.67
3-5 1 1.5 5 2 0.67
2-6 5 6 7 6 0.33
4-6 7 8 15 9 1.33
5-6 1 2 3 2 0.33




Here the critical path is along the activities 1-2, 2-4, 4-6 So the critical path is. 1-2-4-6 Following diagram is
prepared to show critical path along with EST and LFT.

LSi

ESJ




The critical path = 1-2-4-6 with time duration (Zcp) of 24 days.

Here standard deviation is calculated for activities of critical path. So we get

o=VV1+V2+V3
o=+V1+4+1.778
=2.6034

Now the probability of completion of project in that given time (t) of 26 days, can be calculate by below
formula

_LElop _26-24

O 26034 0.77

Z

Using table in Appendix-B, we get probability =77.94%

As you can see below in Appendix-B the first column Z that is the probability we find out in the example
through formula. The second column  (2) represent the probability in percentage (%).




Appendix - B / "Z" Table

APPENDIX - B
Proportion of toral area under the normal curve from — oo 10 Z.
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Project completion times may need to be shortened
because:

e Different deadlines
e Promised completion dates

o~
Project Crashing




Crashing Example:

The network and durations given shows the normal schedule for a project.
You can decrease (crash) the durations at an additional expense.

The Table given summarizes the time-cost information for the activities.

The owner wants you to finish the project in 110 days. Find the minimum
possible cost for the project if you want to finish it on 110 days.




D —E
30 50

Mormal Crash

duration Duration Mormal | Crash
Activity | (dawvs) (davs) Cost Cost
A 120 100 1 2000 14000
B 20 15 1 800 2800
L 40 30 | ETRIN] 220040
D 30 20 1400 20000
E S50 40 AG00 AE00
F a1l 45 1 35000 1O




Solution:

Assume that the duration-cost relationship for each activity is a single linear, continuous function
between the crash duration and normal duration points. Using the normal duration (ND), crash duration

(CD), normal cost (NC), and crash cost (CC), the crash cost slope for each activity can be determined
as follows;

., _CC-=NC

5, =— -
- ND-CD

S, = 14000 - 12000 ~$100/ day
) 120 =100

SB = $200/day
SC = $600/day
SD = $60/day

SE = $120/day
SF = $300/day




Cont.

The normal cost for the project is the sum of a normal cost for each activity. The normal cost for the
project is $48300 and the normal duration is 140 days.

The activity which should be crashed is the one on the critical path which will add the least amount to the
overall project cost. This will be the activity with the flattest or least-cost slope. The duration can be
reduced as long as the critical path is not changed or a new critical path is created. In addition, the
activity duration cannot be less than the crash duration.

SD = $60/day (least-cost slope) Maximum of 10 days can be cut from this schedule by reducing the
duration of activity D to the crash duration of 20 days.



120
B C D E
l 20 : 40 @ %g’ e 50 o
F
60

Overall duration is 130 days and there are multiple critical paths (B-F-E and B-C-D-E). Total
project cost at this duration is the normal cost of $48300 plus the cost of crashing the activity
D by 10 days (60 * 10 = $600) for a total of $48900.




Cont.

The next activity to be crashed would be the activity E, since it has the least-cost slope ($120
per day) of any of the activities on the critical path. Activity E can be crashed by a total of 10
days. Crashing the activity E by 10 days will cost an additional $120 per day or $1200.




Cont.

The project duration is now 120 days and the total project cost is $50100. There are now three
critical paths (A, B-C-D-E, and B-F-E). The next stage of crashing requires a more through
analysis since it is impossible to crash one activity alone and achieve a reduction in the overall
project duration. Activity A is paired with each of the other activities to determine which has the
least overall cost slope for those activities which have remaining days to be

crashed.

Activity A ($100) + activity B ($200)
Activity A ($100) + activity C ($600) + activity F ($300)




The least-cost slope will be activity A + activity B for a cost increase of $300 per day. Reducing the
project duration by 5 days will add 5*300 = $1500 dollar crashing cost and the total project cost would
be $51600. Activity B can not be crashed any more.




A

120

145

. 110
C D E
1 2 3 4
i ) 2 )
15 35 20 40
F
_bfr
55

Final step in crashing the project to 110 days would be accomplished by reducing the duration

of activity A by 5 days to 110 days, reducing activity C by 5 days to 35 days, and reducing activity
F by 5 days to 55 days. The combined cost slope for the simultaneous reduction of activity A,
activity C, and activity F would be $1000 per day. For 5 days of reduction this would be an
additional $5000 in total project cost.

The total project cost for the crashed schedule to 110 days of duration would be $56600.




Differences between
CPM & PERT




BASIS FOR
COMPARISON

Meaning

What is it?

Orientation

Evolution

Model
Focuses on

Estimates

PERT

PERT 1s a project
management technique,
used to manage
uncertain activities of a
project.

A technique of planning
and control of time.

Event-oriented

Evolved as Research &
Development project

Probabilistic Model
Time

Three time estimates

CcCPM

CPM i1s a statistical
technique of project
management that
manages well defined
activities of a project.

A method to control cost
and time.

Activity-oriented

Evolved as Construction
project

Deterministic Model
Time-cost trade-off

One time estimate
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step-by-step

In the question here, we have three objectives:
1) Draw the network diagram.

2) Find the mean and variance.

3) Find the critical path and estimated time of completion.




The Given Activities

Activities Immediate Optimistic Time Most Likely Pessimistic Time
Predecessor Time
A - 6 7 8
B - 3 5 7
C - 4 7 10
D A 2 3 4
E B 3 4 11
F C 4 8 12
G C 3 3 9
H E,F 6 6 12
I D 5 8 11
J H, G 3 3 9




Now, let’s draw the network diagram.




Now that we’ve created the network diagram, let’s move ahead. Next, as part of the PERT analysis, let’s have a

look at how to determine the mean and variance.
the mean, which is also the estimated time can be determined using the formula:

To+4Tm+Tp
T, = 3
We can calculate the variance using this formula:

2
O'2= TP_TO
6




Calculated Table

Activities Immediate Optimistic Most Pessimistic Mean Variance
Predecessor Time Likely Time
Time
A - 6 7 8 7 0.11
B - 3 5 7 5 0.44
C - 4 7 10 7 1
D A 2 3 4 3 0.11
E B 3 4 11 5 1.77
F C 4 8 12 8 1.77
G C 3 3 9 4 1
H E,F 6 6 12 7 1
| D 5 8 11 7 1
J H, G 3 3 9 4 1




Lc

Es

From the diagram, we can see that nodes that satisfy the requirements are:

16

A(7)

(D—

C(7)

D(3)

10

E(5)

19

10

F(8)

v

1-4-6-7-80orC-F-H-1J

The estimated time is: 7 + 8 + 7 + 4 = 26 days.

G(4)

15

15

H(7)

22

22

I(7)

J(4)

26

26




In conclusion if you as a project manager are working with a project for the first time it
would probably be best to use PERT. After using the method and getting more consistent
completion times for activities, they at that point can become the duration of those
activities using CPM. While both methods were invented separate from each other |

observed a definite link between the two.

Network Analysis is useful in many living application tasks. It helps us in deep
understanding the structure of a relationship in social networks, a structure or process of

change in natural phenomenon, or even the analysis of biological systems of organisms.
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